4 N
Constraint Satisfaction Problems (CSPs)

A binary constraint satisfaction probleoconsists of

« A setofnvariables ¥, %, ..., X} with respectiveinite
domainsD,, D, ..., D,

—letD=D,0D,0...0 D,
— letd be the size of the largest domain
* A set ofebinary constraints@; }

— C; represents a constraint between variaklesdx
specifying the set of legal pairs of values

— assume tha; (u, v) =C; (v, U
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4 N
Constraint graph

A constraint graph is a directed graph wiathodes an& edges
« Each variable is a node
 Each constrain€; is an edge from node to nodex

Variables &y, %, X, Xy, X} {a,b,¢ {ab,g
Constraints
- G5, ={(a,b), (a,9, (b,0} la, B
- C3={(a,b), (a,9, (b,9}
- Cy={(ab), (@09, 0,9} {a, b}@ {a, b
- Ci5={(ab), (@9, (b0}
_ ~C={(ab @9 (b0} y
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4 I
Backtrack search

procedure bcssn)
consistent = true
| = initialize()
loop
If consistenthen (i, consistent=label(i)
else(i, consistent= unlabeli)
If 1>n then return “solution found”
elseif 1 =0 then return “no solution”
endloop
endbcssp
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4 N
Chronological backtrackingnitialize

function initialize()
for i=1ton

CD, = D, /* initialize current domains */
endfor
return 1 [* return the first variable */
endinitialize
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Chronological backtrackingabel

function bt-labeli)
for eachv, [J CD do

Setx, =v, and consistent = true

for | from 1to -1 do /* Previously assigned variables*/

if = C;(x, %) then
Removev, from CD, and setconsistent = false
Unassignx, andbreak inner loop
endif
If consistenthen return (i+1, true)
endfor
\ return (i, false

/
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4 N
Chronological backtrackinginlabel

function bt-unlabel(i)

h=1-1 [* Backtrack to previous variable */
CD, = D,

Remove current value assigneditdrom CD,,
Unassigr,

If CD,, Is emptythen
return (h, falsg
else
return (h, true
end bt-unlabel
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Example
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4 N
Arc consistency

 Anarc (, j) in a constraint grap is arc consistentvith
respect to domairis; andD; iff

v D, OwlD; @ C(v, w)
— A graphG is arc consistent iff all its arcs are arc consistelr

e LetP=D,;xD, x...xD, andP'=D’; xD, x ... xD, s.t.
P[] P . Pisthelargest arc consistent domain for G infP
— G is arc consistent wi'

— there is nd®" suchthaP [J P'[J P andG s arc
consistent wrP”

1t

« Theorem: The largest arc consistent domain exists and is

\_ unique -
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AC-5

 AC-5is agenericarc consistency algorithm

— uses two abstract procedufeagConsandLocalArcCons

— can be specialized to either AC-3 or AC-4

— can be specialized to exploit properties of constraints (e.
functional, anti-functional, monotonic constraints)

J.,
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4 N
Queue elements in AC-5

e AC-5 maintains @jueueof elements of the formi((), w)

— (1, ]) Is an arc, anwv is a value IrD; that has been removed
justifying the need to reconsider argj{

— Enqueud, A, Q) inserts all elements of the form, (), w)
onto the queu® such thati( j) is an arc anav [J A

@/@A/revmoved fronD; In making

’ .
- Cyconsistent

- Y
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4 I
ArcCons andLocalArcCons

function ArcCongl, )
ReturnsdA ={ v [J D; | Ou [J D, =Cy(v, U) }
— Removing elements ih from D, makes i j) arc consistent

function LocalArcConsg, |, w)
Assumes that has been removed frob
ReturnsA such thatA, LA LA ; where
A, ={v D D|Cj(v,w) and Uu [J D; =C;(v, U) }
A,={v Ll D;|Ou O DB; =C;(v, U }

N /
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4 N
Arc consistency with AC-5

procedure AC-5G)
InitQueudQ)
for each(i, ) [J arc(G) do
A = ArcCongi, |)
Enqueud, A, Q)
Remov@\ , D))

endfor
while not EmptyQueu@)) do

(@, J), w) = DequeugQ)
A = LocalArcCong, |, w)
Enqueug, A, Q)
Remov@\ , D))

endwhile

\ end AC-5 /
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4 N
Counting queue operations in AC-5

* Introduce theStatusof (edge, valugpairs such that

— InitQueuesetsStatug(k, 1), v) = presentf vin D,
=rejectedotherwise

— Enqueuesets thestatusof each queued item suspended
— Dequeuesets theStatusof dequeued item teejected

 AC-5's loops preserve the invariant tisatug(k, 1), v)
= present Iff vinD,
= suspended iff vnotinD; and (K, i), V) on theQ
=rejected iff vnotinD; and (K, i), v) not on theQ

[1 AC-5enqueues and dequeues at nQ(sid) items

N /
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4 N
AC-3

e For arbitrary constrainta&rcConsis O(d?)

 AC-3is essentiall AC-5in which LocalArcCongs
Implemented usinédrcCons

[0 AC-3is O(ed?)

N /
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4 N
AC-4

N —

 |If ArcConsis O(d?) andLocalArcCongs O(d)thenAC-5is O(ed?]

0 (D)

Supportg \lj \lj gj}v} Support
counts - w\w v W list
Time per edge O(d?) O(d?)
Space per edge O(d) O(d?)

 LocalArcCong, j, w) iterates through the “supports list” wffor
edge (, ), decrements “support counts”, and complies the

set of values whose “support counts” go to O
\D LocalArcCongs O(d) andArcConsis O(d?) soAC-4is O(ed?) Y
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Functional constraints

« A constraintC is functionalwrt a domairD iff for all v J D
there exists at most ome// D such thaC(v, w)

function ArcCongi, j)

A=}
foreach v D, do
if f;(v) O D, then A=A {v}

return A ArcConsis O(d)
end ArcCons LocalArcConsas O(1)
AC-5is O(ed)

function LocalArcCong, j, w)
If f;(w) D; then return {f;(w)}
else return{}
\end LocalArcCons

/
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Classes of constraints

* Other classes of constraints for whig@@-5is O(ed)

— anti-functional

— monotonic

— piecewise functional

— piecewise anti-functional
— piecewise monotonic
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